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Supplementary appendix

This part of the paper may not necessarily be essential for understanding the main points of
the paper. Nevertheless, it may be crucial for those readers who intend to improve, extend or
adapt our theoretical formulation to whatever suits their needs. It may also entertain those
readers who are fond of mathematics. The sections below were all adapted from the relevant

(sub-)sections of our unpublished paper deposited in bioRxiv [32].

SA-1. Equivalence of our bra-ket formulation to standard vector-matrix formulation of
continuous-time Markov model

[This section was adapted from subsection 1.1 of [32]. See subsection 1.2 of ibid. for a simple
example. And see subsection 1.3 of ibid. for a brief discussion on the differences from the use
of bra-ket notation in quantum mechanics.]

Let us first recall the conventional formulation of a general continuous-time Markov
model on a finite space consisting of N states, i=1,2,..., N . One way of formulating the
model is to specify a rate matrix, Q=(q;).Let g, denotethe (i,j)-elementof Q,i.e.,its
element at the intersection of the i th row and the j th column. Then, the non-diagonal
element g, (i=j)of arate matrix Q is the rate (per certain unit time) at which the system
moves to the j th state, given it was in the i th state immediately before the time in
question. The diagonal element, g, , is usually given by the equation:

;= Egzli)q,, : - Eq.(SA-1.1)
to guarantee that the summation of the probabilities over the states remain 1 (unity) all the
time. Now, let the probability vector, p(¢)= ( pl.(t)) , be a row vector whose i th element,

p.(t) ,1s the probability that the system is in the i th state at time ¢ . Then, under the above

Markov model, p(¢) satisfies the 1st order time differential equation:

d _ d N

—PO=pNOQ (o —p®=3 P03 ) - EqSA12)
The general solution of this equation at a finite time #(>0)is given by:

PO=POPE) (or pn=3 pOp(1). - Eq(SA-13a)

Here the finite-time transition matrix, P(t)= ( D (t)) = exp(tQ) ,isan N x N matrix whose

(i,j)-element p,(¢) is the probability that the system is in the jth state at time ¢,

conditioned on that it was in the i th state initially (i.e., at time ¢#=0):



P (1) =[exp(tQ)], = P[(j.1)

@0)] . --- Eq.(SA-1.3b)

If Eq.(SA-1.1) holds, the matrix elements satisfy E”,V]py. (r)=1 (unity) forall i=1,2,...,N .
j=

Meanwhile, p(0)= ( D; (0)) is the initial probability vector, whose i th component, p,(0),

is the probability that the system was in the i th state at time ¢ =0 . They satisfy

Eé/] p;(0)=1.This could be made more explicit by using the basic row vectors, {éi}, T
Jj= i=1,2....,

Here, e, =(0,...,1,...,0) is the row vector with all zero except the i th component, which is
1 (unity). This “basic vector” represents the situation where the system is in the i th state.

Using these basic vectors, the initial probability vector is expressed as:
~ N -
pO)=Y " pi(0)e . - Eq.(SA-14)

The expression is interpreted as the initial condition that the system is in the i th state with

probability p,(0) (i=1,2,..., N ). Similarly, the probability vector at any time could be

expressed as:

pD=>" p0E . — Eq(SA-15)

It is interpreted as the situation where the system is in the ¢ th state with probability p,()
(i=1,2,...,N ) given by Eq.(SA-1.3a). Using the basic vectors, the conditional probabilities
can be formally extracted from the finite-time transition matrix, P(¢)= exp(tQ) , by a matrix

multiplication:

P[Gj.)

(,0)]=p,()=2 P(1)(E,) . --- Eq.(SA-1.6)

Here, (¢,)" is the column vector obtained from the row vector, e, ,by a matrix transposition
operation (i.e., by interchanging the rows with the columns).

Now we can introduce the bra-ket notation and operators. First, we replace each

basic row vector, e, , with the corresponding basic bra-vector, <i

, and replace each basic

column vector, (e, )", with the corresponding basic ket-vector,

j> . Then, the bra-vector
corresponding to the probability vector p(z)= ( pl.(t)) in Eq.(SA-1.5) is given by the

following linear combination of the basic bra-vectors:

ORI IOIE - Eq.(SA-1.5")

In the present formulation, the exclusive role of a ket-vector is that it serves as an “acceptor”

of bra-vectors. More specifically, we will make the ket-vector,

j> , accept only the
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corresponding bra-vector, < Jj|, by defining the scalar products:

(i|j)=1ifi=j,=0ifi=]. — Eq.(SA-1.7)
Using these scalar products, we get, e.g., the equation, < ﬁ(t)|i> = p,(t), from Eq.(SA-1.5’).

Next, we introduce (linear) operators that transform each bra-vector into a specified linear
combination of bra-vectors. The operators are analogs of matrices in the traditional
formulation. For example, we could define an operator, (i — j), that transforms (or

“mutates”) the i th state to the j th state, but does nothing else:

b

(i|mi— j)=(J
(k|m@i— j)=0 fork=i.

This operator corresponds to the matrix whose elements are all zero except the (i, j)—element,

- Eq.(SA-1.8)

which is 1 (unity). Now, we define the (instantaneous transition) rate operator, Q , as follows:
. A N .
(ilo0 = 4 (j) - --- Eq.(SA-1.9)
J=
Then, we get the following equation:

(p0I0=" p, (|0~ Ejilp,,-u){zilq,ﬁ <z‘|} - 2:{21@<r>q.,,-}<il -

Then, substituting Eq.(SA-1.2) for the expression in braces on the leftmost hand side, we

have:

A N d g d N .
(p0]0= 3 = p il =< A3 poil} -

This means that we can recast the defining equation, Eq.(SA-1.2), of the continuous-time

Markov model into the equation satisfied by the probability bra-vector < ﬁ(t)| :
d - — A )
E(p(t)l =(pn|0 . — Eq.(SA-1.2°)
This equation can be integrated as:
(p(1)]={PO)|P(t) , - Eq.(SA-1.3a’)

with the finite-time transition operator, ﬁ(t) = exp(tQ) . And the counterpart of Eq.(SA-1.3b)

is:

([P )= (ilexptO)| j) = P[(j:D)

@.0)] - --- Eq.(SA-1.3b")

Solving Eq.(SA-1.2") for every possible initial probability bra-vector, (5(0)|= E: p:(0)(i

9

is equivalent to solving the following equation for the operator P(1):



% P=P1)O | - Eq.(SA-1.10a)

with the initial condition,

PO)=1, --- Eq.(SA-1.10b)
where I is the identify operator: <i |i = <i | for every state i. Thus, if desired,

Eqs.(SA-1.10a,b) could be considered as the defining equation of the continuous-time
Markov model.
Thus far, we tacitly assumed that the Markov model is time-homogeneous, where

the rate matrix @, or the rate operator Q ,1s independent of time 7 . In reality, the transition
rate, g , could depend on time due to, e.g., the temporal change of the environment the

system is in. Here, we extend the formulation developed above to the system with a

time-dependent rate matrix, Q(t)= (qij(t)) , whose operator counterpart is denoted as Q(t) .

Because the model is no longer homogeneous in time, when we consider a finite-time

evolution of the system, we need to specify the initial time ¢,, in addition to the final time

t. (>1,).Let ﬁ(t,, t.) be the operator describing the finite-time transition during the closed

time interval, [z,,¢,], thatis:
(PG 1|y =P t) | Got)] for Vi jEL2...N}, t.>1,,

under a time-heterogeneous continuous-time Markov model with the rate operator Q(t) .

Then, the defining equations, Eqs.(SA-1.10a,b), are extended to fit this model as:
dif’(t,, 1=P1,,n0@) , - Eq.(SA-1.102")
t

P(t,ty=1 for "t . - Eq.(SA-1.10b")

The general solution of the above equations is symbolically given by:
P, 1) = T{exp( [ ar Q(t'))} . - Eq.(SA-1.11)

Here T{} denotes (the summation of) the time-ordered product(s), which arrange(s)
multiplied operators in the temporal order so that the earliest operator will come leftmost. For

example,

A@t) B(t,) for 1 <t,,

T{Aw) Bap={ """
B(t,) A(t)) for t,<t,.

We could regard the time-ordered exponential in Eq.(SA-1.11) as defined by a limit:
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T {exp( ) :I dr Q(t'))}

where " =1, +(i—1)5L , or as defined by a series:

T{exp(f; drt Q(r))}

= IA+f;a’7:1 Q(r1)+f;drlf;d1:2 Q(TI)Q(T2)+f;dT1f; drzf;a’r3 Q(TI)Q(Tz)Q(T3)+...

lim (7+520) (T2 (1+520)

f+§fd1:l---fdrn O(t))---0(t,)

1<T|<..<T,<t

Moreover, the finite-time transition operator given by Eq.(SA-1.11) also satisfies the

“backward equation”:
%ﬁ(z, t,)=-0(t) P(1,1,) , --- Eq.(SA-1.12)

as well as the Chapman-Kolmogorov equation (aka the multiplicativity condition):
P, t,)=P(@, 1,) P(t,.1,) (1, <t,<t.) .. --—-Eq(SA-1.13)

The latter could be rewritten in terms of conditional probabilities:

P[(ote) |Gst)] = 3, P[K1,)[G )| P[Gioti) [(hoty)] - - BQu(SA-1.13")

The last equation can be obtained by sandwiching the both sides of Eq.(SA-1.13) with <z|

A

and | j> , and by inserting the decomposition of the identity operator, [ = EN_1|I<><k

9

between the two finite-time transition operators on its right-hand side.

As described above, we have reformulated a continuous-time Markov model on a
finite set of states in terms of bra-vectors, ket-vectors and operators. Once we formulated it
this way, we could extend the formulation to continuous-time Markov models defined on any
discrete set of states, irrespective of whether it is finite, countably infinite, or uncountable, as
long as the state space and the elementary transitions within it are well-defined. This notation
facilitated the development of our ab initio theoretical formulation of the general
continuous-time Markov model describing the evolution of an entire sequence along a

time-axis via insertions/deletions (and substitutions if desired).

SA-2. Factorability of pairwise alignment probability: mathematically rigorous proof
This section presents probably the mathematically toughest among the proofs/derivations
given in this paper. Nevertheless, if you keep in mind the intuitive pictures acquired in the
main text (and in Additional file 1), they may not be so formidable as they appear at first

glance.



SA-2.1. Outline

[This subsection was adapted from a part of subsection 4.1 of [32].]

Here, we give a mathematically rigorous proof of the factorability of the probability of a
given pairwise alignment (PWA) under the conditions (i) and (ii) given in section R6 of the
main Results and discussion (and also in SM-2 in Additional file 1). Actually, in SM-2 in
Additional file 1, we already gave a proof that is nearly rigorous; the only loose point there

was the proof of the ansatz:

([1@] ’[tl»tp])‘(SA,t1)] - ﬁuP[([M[k’l]’m’M[k’Nk]]’[tl’tF])‘(SA’II):I’
LHS k=l

-- Eq.(SM-2.8)
among the probability quotients, Eqs.(SM-2.4-6) (see also Eq.(SM-2.7)). Thus, we here focus

Up

on rigorously proving Eq.(SM-2.8). As in SM-2, we consider a local history set (LHS)

denoted as: ]\él = {[M[k,l], v M[k,Nk]]}

k=1....K

First we recall that the left-hand side of Eq.(SM-2.8) is rewritten as:

([1\?[] ,[t,,tF])‘ (sA,t,)] = E

A

Up MPI:([MI’MZ"”’MN]’[tI’tF])‘(SA’II)]

[A;II,A;I%W,MN]E{IEI] 1 =Ty <T < <Ty<Ty,=lp
LHS

(M, My, My €|

dt,--dt,

m

y

LHS

N

v

A

=1r(MV; S,.»T,)

|

SU=SA 5

N
x exp{—EfT”' dt 6RY (s, 5", r)}
v=0 v {<sv ‘=<SH ‘A;IV}
L for v=1,...N ]
- Eq.SA-2.1.1)
(It corresponds to Eq.(SM-2.9).) Here, SR, (s,s’,t)= R} (s,t)- Ry (s',t) denotes an

increment of the exit rate. We also recall that the right-hand side is rewritten as:
K A A

[ Lot ([ #1011, 11N 1] 08, 51

k=1

dr(k,1)-dv(k,N,) (]_[N1 r(MIk,i.J; 5,0, T (K, ik)))_

t;=t(k,0)<t (k1)< - <t (kN )<t (kN +1)=tp

Nk .
k=1 T (k, i +1) D A
’ exp{ Efr(k,ik) 7 OR (5,57, 7) (5o},
i=0

{<Sik ‘=<Sik" W[k’ i ]}
Sfor i=1,...,N;

--- Eq.(SA-2.1.2)
(It corresponds to Eq.(SM-2.10).) Here, 7(k,i,) denotes the time at which the event

M [k,i,] virtually occurred in the isolated k& th local history. Second, we note that the
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subject LHS equivalence class, [Ajl ] , consists of R global indel histories. Each

LHS 1_[ N, !
k=l

history corresponds to a map from each event in each local indel history (specified by k) to a
temporal order within the global history:

mw: (ki) (k=1..,K;ii=1..,N,) = v(=1,..,N).
The map keeps the relative temporal order among indels in each local indel history. Then,

[M > M SUREER M v] 1n the middle and on the rightmost side of Eq.(SA-2.1.1) corresponding to
the above 7 can be more precisely written as: [M’[z-‘(l)], M), M’[n"l(N)]] .

Here M’[n‘l(v)] is an equivalent of M[n'l(v)] (= M[k, i,] for Ak, i,)) through a series

of binary equivalence relations, Eqs.(R5.2a-d), needed for rearranging the events in M this

— maps. Then, the middle and the
N,!

way. Now, let H({A}} ) be the set of such
LHS

k=1
rightmost side of Eq.(SA-2.1.1) become:
> w1 LM A @)L M (NI )| %0

<<,

K

[of [ [(de(k,1)--de(k,N,))

=t (7 (0)<z (a7 )< <7 (a (N )<t (a (N+1))=t) k=1

= xﬁ(ﬁr(M’[k,ik]; s(n(k,ik)—l),r(k,ik)))

TE H([l\fl =1

Y|

i =1

LHS

N Tyt
xexp{—z i 1))dr(5R)’(D(s(v),s”‘,r)}

(@ (v) (sOf(s"|

{<s(v)‘=<s(v—l)Wl’[n’l(v)]‘ v=1,.4.,N}

v=0

--- Eq.(SA-2.1.1")
Comparing Eq.(SA-2.1.1") with Eq.(SA-2.1.2), we can see that the ansatz, Eq.(SM-2.8),
should hold if and nearly only if the following two equations are satisfied.

(A) The equation between the multiple-time integration operations:



E f . f (ﬁdt(k,l)...dr(k,Nk) ﬁFk(r(k,l),...,t(k,Nk))

JrEH{ZEI] )t,<r(n“(1))<~--<r(n“(N))<tF k=1 1
LHS

= ﬁ[ [  dukD-dek,N) F (kD). T(k,N,))

k=1 \ t;<t(k,)<---<T(k,Ny)<tp

--- Eq.(SA-2.1.3)
for any set of non-singular functions, {Fk (r(k,l),..., T(k,N, )) | k=1,..., K} . Because the both

sides share the same integrands and the dummy time variables for integration, it is tantamount
to the equation between the domains of integration.

(B) The equation between the integrands (i.e., the probability densities):

r (M,[k’ ik ]’ S(ﬂ(k, ik ) - 1)’ t(k9 ik ))) <s(0)‘=<sA ‘,
{<s(v)\=<s(v—1)\1t?1'[n"(v)]\ v=1,...,N}

N -1
T(w (v+])) D A
X CXP{_E fr(n'l(V)) 47 OR (s(). 5", T)} (O}
v=0

{<s(v)\=<s(v-1)\n31'[n“ | v=1,4..,N}

ki {

i (s (s P11k, 3 1] =1, Nk}

K | N -

4 T(k, i)
k= 1i=0 {Csic (i MU i =N |

--- Eq.(SA-2.14)
for every map x € H([A} ] ) and its associated temporal order of events.
LHS

Eq.(SA-2.1.3) is an identity that is intuitively plausible. However, its rigorous proof
is not so straightforward, and will be given in section SA-2.2. In contrast, Eq.(SA-2.1.4) holds
only under an appropriate set of conditions on the indel rate parameters. Here, let us delve
further into this equation.

The both sides of Eq.(SA-2.1.4) exhibit very similar forms. Each of them is a
product of the rates of indels that actually occurred or their equivalents, multiplied by an
exponential. And the exponent is the summation of time-integrated increments, of the exit
rates of the states that the sequence actually (or virtually) went through, compared to the exit

rate of the ancestral state. Thus, aside from miraculous, exceptional cases, it would be natural
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to expect the equations to be satisfied for each of the factors. This reasoning gives two types

of equations. One is a set of equations for the factors in the product,

r(M'i s (ki) =1, T(k,ip)) = r(MIk, i) s, Tk, i) - Eq(SA-2.1.4%)

for Yk=1,...K , Vik =1..,N,,and VJTEH([A}] ).And the other is an equation for the

LHS

exponent,

N 1
T(™ (v+l)) D A
{;fr(n_](v)) dT OR, (s(v), 57, ‘L‘)} <s(0)\=<s"‘,

{<s(v)\=<s(v-l)\1&1'm“(v)]\ v=1,...,N}

- Eq.(SA-2.1.4°b)

K& T(k, ig+1) D A
=2 Ef dt 6Ry (s,,5",7T)

T(k, i)
k=1 | i, =0

—_

{s0 ‘=<xA \,

{<sik (it [Tk i1 =L Nk}

for Yz ETI [1\74] ) .Here, we set 7(77'(0))=¢t, and 7(x'(N+1))=t,.In

LHS
Eq.(SA-2.14’a), s(mw(k,i,)—1) is the sequence state immediately before M [k,i,] in the
global indel history, and S 1 is the state immediately before M [k,7,] in the isolated k th

local indel history. The only difference between both sides of Eq.(SA-2.1.4’a) is in the states.

In general, s(mw(k,i)—1) on the left-hand side resulted from some of the events in the other
local indel histories, on top of Mk, Jjl1 with j<i .Incontrast, s, , on the right hand side

will never be impacted by the other local histories. Thus, Eq.(SA-2.1.4’a) simply states, for
the PWA probability to be factorized, “the rate parameter for each indel operator in each local
indel history must never be influenced by the actions of any indels that occurred before
7(k,i,) and that belong to any other local histories .”

Meanwhile, Eq.(SA-2.1.4’b) appear more formidable than Eq.(SA-2.1.4’a).
Nevertheless, we can prove the following proposition.

[Proposition SA-2.1.1]
“Let (s-[k,i]|=(s|M'k.i,] and (s-[Ki1|=(s|M"[k'i,] (with kk'(=k)E{L....K})be

the states resulting from the actions of the equivalents of events M [k,i,] and M [k',i.],

respectively,on s € S” . And let

(s-[k, i 11K i 1| = (s|M Tk, i, IM (K , i, 1= (s|M"[K',i,, IM"[k,i,] be the state resulting from the
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consecutive actions of the equivalents of M [k,7,] and M [k',i,] on s.The equation for the

exponents, Eq.(SA-2.1.4’b), holds for every global history 7 & H([A} ] ) and for each of
LHS
its sub-histories that could occur in any sub-interval, [¢,,7] with 7 &[f,,¢,.],if and only if

the equation,
RY (s,0)+ RY (s-[k,i 1[K,i1,t) = RY (s-[k,i ], ) + R (s-[k',i.1,1), --- EqQ.(SA-2.1.5)

>

holds for every pair, Mk, i,] and MIK', ip] (with k=k"),inthe LHS M ,forevery

possible state s € S” before both equivalents of M [k,i,] and of M [k',i.] in the global

histories in H([M} ) ,and at any time t€[7,,7.].”
LHS
The detailed proof of this proposition is given in subsection SA-2.3. In the proposition, the
applicable scope of Eq.(SA-2.1.4’b) was extended to all sub-histories of global histories
belonging to H({A} } ) and to any sub-interval, [¢,,¢],0f [f,,t.]. This extension would
LHS
be acceptable in practical analyses, where what we actually want is to factorize all alignment
probabilities during any time interval. We can clarify the meaning of Eq.(SA-2.1.5) by
rewriting it as follows:
ORY (s [k,i I[K,i 1, s°[k',i.],1) = ORY (s-[k,i.1,s,t), -—-Eq.(SA-2.1.5")
ORY (s [k,i J[Ki 1, s [k,i],t)=ORY (s-[K.i,],s,t). -—Eq.(SA-2.1.57)
These equations mean that the increment of the exit rate due to an event in a local indel
history must be independent of the effect of any event in any other local indel history.
To summarize, we derived a sufficient and nearly necessary set of conditions,
Eq.(SA-2.1.4’a) and Eq.(SA-2.1.5), under which the integrand of the probability of an indel
history can be factorized, as in Eq.(SA-2.1.4). To clarify what these conditions mean, we here

rephrase them in words. First, Eq.(SA-2.1.4’a) can be rephrased as follows.
Condition (i): “The rate parameter, r(M ki, 1; s, T(k,i, )) , for each actually occurred indel

event (M [k,i,]) will not be influenced by the action of any indel events outside of the & th

local history before 7(k,i,).”

Second, we can rephrase Eq.(SA-2.1.5) as follows.
Condition (ii): “Let (s(v)|=(s"|M'[x"'(1)]---M'[x"'(v)] be the state resulting from the

actions of events up to (and including) the v th event in a global history corresponding to a

11



A

map 7€ H([M] ) ,and let M'[77'(v)]= M'Tk(v),i,,,(v)] bethe v theventin the
LHS

global history. Then, the increment of the exit rate, R} (s(v), s(v-1),1), due to the event

M Tn'(v)]= M Tk(v), Iyry(V)], will not be influenced by the actions of any indel events

outside of the k(v) th local history before M Tn'(v)].”

If this set of conditions is satisfied for all global indel histories in a LHS equivalence class

[Ajl ] , then, Eq.(SA-2.1.4) holds for all integrands. This, combined with the identity on the
LHS

>

domains of integration, Eq.(SA-2.1.3), makes the total probability of [M ] factorable, thus
LHS

proving the ansatz, Eq.(SM-2.8). [NOTE: Someone might guess that the condition (ii) should
follow from the condition (1) almost trivially. We will see that this naive guess is wrong in

subsection R8-2 of the main Results and Discussion.]

SA-2.2. Proof of factorization of multiple-time integration, Eq.(SA-2.1.3)
[This subsection was adapted from section A4 of Appendix of [32].]
The identity, Eq.(SA-2.1.3):
K K
E [ (Hdt(k,l)...dr(k,Nk) Hﬂ(r(k,l),...,r(k,Nk))
ke

HEH{ZEI] )t,<r(n“(1))<~--<r(n“(N))<tF k=1 1
LHS

- ﬁ[ foof  dukD-dvk,N) F (kD). Tk, N)) |

k=1 \ t;<t(k,)<---<T(k,Ny)<tp

--- Eq.(SA-2.2.1)
where {Fk (r(k,l),..., T(k,N, )) | k=1,..., K} is any set of non-singular functions of

multiple-time points, is one of the two essential elements for obtaining our sufficient and
nearly necessary set of conditions for a factorable PWA probability. The identity states that, if
we sum the multiple-time integration operations for global indel histories over a LHS
equivalence class, it can be factorized into the product of multiple-time integration operations,
each for a local indel history, over the LHS. Here, we prove this identity in a mathematically

I'igOI‘OllS manner.

Let us remember here that H({M } ) denotes the set of maps that correspond to
LHS

global indel histories in a LHS equivalence class. Each of its elements is expressed as:

12



mw: (ki) (k=1..,K;i=1..,N,) = v(=1..,N).
Then, we first note that, because the integrands and the sets of variables of integration are
identical on both sides of Eq.(SA-2.2.1), proving this identity is equivalent to proving the

equation (modulo differences of measure zero) between the domains of integration:

U D(N)[n(ﬂfl);[t,,tlp]} ;DW“[]\Z[k];[t,,tp]] . -—-Eq.(SA-2.2.2)

S

Here, D™ [1\51 [k]; [z, tF]] is the domain of integration for the k th local indel history,
MIK=| MIK11, ..., Mk, N,1]:

DO [1\:4[/6] o I tp]] = {(T(k,l), v ‘r(k,Nk)) | t,<t(k,1)<--<t(k,N,) < tF}'
--- Eq.(SA-2.2.3a)

And D<N>ln(f4) 1,1, ]

is the domain of integration for the global indel history, Jl'(]\} ) :

_ T(L1),...,T(L,N,);
D™ lﬂ(M) 1,0, ]l = t, <t )<<t (N) <1,
T(K,1),...,T(K,Ny)

- Eq.(SA-2.2.3b)

To go further, let us introduce a new notation, n* )[Nl, ..., N1, that represents the

set H({A}

. ) N!
) . The new notation reminds us that each of the ———— elements of
JdLHS

K |
N,!

k=1

H([A;I } can be re-interpreted as a rearrangement of K sets, whose sizes are N,, ..., N,
LHS

. . . N (K) - (K)
into a single set of size N = E . 1N’< . Then,eachmap 7"’ € H([M] )= I[N, ..., N ]
b L

HS

. K K-1
can be re-expressed as a composite map, 7% = po [(JT( 1 N, )] . Here

a* P en*[N,..,N,,] isarearrangement of K -1 of the original K sets excluding

the K thset, I, isthe identity map fromthe N, elementsinthe K thsetto

themselves,and p EMM®[N-N,,N,] is a rearrangement of the K th set and the

remainder made from the K -1 sets. The numbers of the elements exactly match, because

13



N! N! (N-N))!
K = N_NOIN ‘x K1
1_[ Nk' ( k)' k* Nk‘

k=1 k=1

we have . Provided that the binary (i.e., K=2)

version of Eq.(SA-2.2.2) is proved, then we can apply them for each fixed
a* P en* P [N, ...,N,,] andall pET?[N-N,,N,],and we can factor out the
contribution from the K th local (or “separated”) indel history.

This is formally proved as follows. First, the left-hand side of Eq.(SA-2.2.2) is

re-expressed as:

D(N)[ﬂ(ﬁ) 5 [tl’ tF]] =
Nkl

ren®[n,, ..., © A€ V[N, ... Ne ] {pen(”[N-NK,NK]

D(N>lpo[(ﬂ’, INK)](A?);[;,JF]” :

--- Eq.(SA-2.24)

On the right-hand side, we have po [(n’, Iy )](1\51) = p(

th(]\f]/)’ Af[[K]D by definition. Here,

1\51’ = Afl[l], ey Ajl[K —1]| is the “reduced” LHS consisting of K -1 out of the original K

| —

local indel histories in ]\:4 ,excluding the K th local history, 1\51 [K]. Substituting this into

Eq.(SA-2.2.4), and assuming that Eq.(SA-2.2.2) holds with K =2, we have:

D™ n(ﬁ);[t,,tF]]
€PN, ..., Ng]
Y { Dw_Nk)[ﬂ,( ﬁ’);[t,,tfl}x b Ag[k];[,“tF]]} - Eq.(SA-2.2.5)
A €MEDIN, ., Ny ]
- { D<N-Nk>[n’(1f4’);[z,,tF]} }x D(N*')[A}[k] 11, zF]]
A €MEDIN, .y Ny ]

This series of equations re-expresses the above verbal reasoning in clear mathematical terms,
and formally demonstrates that the domain of integration for the rightmost local indel history
(i.e.,the K thlocal history) is indeed factored out. Iteratively applying the above reasoning
to the remaining set of K —1 local indel histories, we can prove that the domains of
integration for all local indel histories can be factored out. This finally gives Eq.(SA-2.2.2)
and thus proves the identity, Eq.(SA-2.2.1),i.e., Eq.(SA-2.1.3). Thus, the problem at hand
was reduced to proving Eq.(SA-2.2.2) with K =2, which we will call the “binary domain

identity” here. It is rewritten as:
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D [p([ﬁ[l}, 1\?[2]]) 1,1, ]] - p™ [1\2[1] 11, tF]] x D™ [ﬁ[z] 1, tF]] .

pENP[N,, N, ]

--- Eq.(SA-2.2.6)

Using Eqs.(SA-2.2.3a,b), and setting 7, =7(l,i) and 7, =7(2,i), it can be rewritten further
as:

penm[Nl,Nz]{(T]’W’IM; 7Ty )| 1, <T(PT () << T(p™ (N, + N,)) < tF}

= {(rl,...,r,\,})‘ L <T < <Ty < tF} X {(rl’,...,r;,z)‘ t<T < <T)y < tF} .
--- Eq.(SA-2.2.6°)
(It should be noted that, in this subsection, the identities between the domains are considered
modulo differences of measure zero.)
We will prove this identity, Eq.(SA-2.2.6’), via mathematical induction regarding
N, . First, we show Eq.(SA-2.2.6’) with N, =1 holds for every fixed positive integer N, . In
this case, TI”’[N,, N, =1] consists of N,+1 elements, each of which inserts the event in

the 2nd local history between the i thand i+1 thevents in the 1st local history

(i=1,...,N,-1), or places it before or after all events in the 1st local history. Thus, we have:

U {(Tl,...,‘L'N]; 71')‘ t,<t(p' Q) <---<7(p”"(N, +1))<tF}

PENP[N,,1]

Nl
— /
=U{(T1a---s771vl»771)‘ [ <T < <Ty <1, T;<T, <77i+1}
i=0

Nl
. ! !
={(TI""’TN1’ ‘L’l)‘ 1 <T < <Ty <1y, U{ri <71,/ < Ti+1}}
i=0

={(1:1,...,7:N]; 171’)‘ ST < <Ty <tp, 1, <T <tF}
= {(rl,...,er)‘ f<T < <Ty < tF} x{@)|t, <7/ <1, }.
Here we set 7,=1, and 7, =7,.This shows that Eq.(SA-2.2.6") with N, =1 holds for
every N, €N, (N, is the set of positive integers).
Next, let us assume that the binary domain identity, Eq.(SA-2.2.6’), holds for
N, =N andforevery N, EN,,and see if the identity also holds for N, = N +1. For this

purpose, we classify p € I[N, N +1] according to the position of 7}, relative to
T, Ty, »and let IM?[N,, N+1;i] (with i=0,1,...,N,) be the subset of TI?[N,, N +1]

. ) _ _ .
whose elements satisty 7, <7y, <7,,.Here weset 7,=¢, and 7,, =t again.Forevery

i+l
p ET'P[N,, N +1;i], there exist a unique o €TI”[i, N] such that: 7(p™'(v))=7(07'(v))

for v=1,...,.N+i, =7,, for v=N+i+l,and =7, , for v=N+i+2,..,N+N,+1.1It

could also be represented as:
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(T(07 )t (07 N+ N+ D)) = (7(07 D)o T(07 N +)), Ty T Ty |-

-- Eq.(SA-2.2.7)
Thus, o €MI®[i, N] corresponds to the sub-history before 7, . Taking advantage of these
facts, the left-hand side of Eq.(SA-2.2.6") with N, =N +1 is re-expressed as:
{@e T Tl Th) | 1 < T ) < < T (07 (N + Ny 4 D) <1}

PENP [N, N+1]

- U @ty Tt | <107 D) < <707 (N + N, + 1) < tF}}

1
i=0 [ pE® [N, N+1;i]

R i
=U U {(rl,...,er,rl,...,rN+1)

i=0 [ oen®(i, N]
--- Eq.(SA-2.2.8)
Applying the assumed Eq.(SA-2.2.6") with N, =N and N,=i,and with ¢, replaced by

t,<t(0”' ()< <t(0'(N+i)<T), <T,, < <Ty < tF}]

!

Ty, » to the expression in the square bracket on the rightmost hand side of Eq.(SA-2.2.8), we
have:

{(rl,...,er P T Ty 1 < T(OT (D)) < <T(OT (N +D) < Ty < Ty << Ty < tF}
o€n®[i,N]

N+l i+l

!

!
L <T, < <T;,<Tpy, <T < <Ty <tg,
N+l

oo !
=(T s Ty 5 Ty Tiyyy) , ,
[ <T < <Ty<T

’ ’
ti < tN+l < Ti+l

. , t1<r1<'“<Ti<Ti+1<'”<TNI<tF’
=1 (Toees Ty 3 Ty Tyy)

! !
L <T < <Tpy<Tp,>

--- Eq.(SA-2.29)
Substituting Eq.(SA-2.2.9) back into the rightmost hand side of Eq.(SA-2.2.8), we finally get:

U {(r,,...,er; rl’,...,r,’\,+,)‘ t,<t(p' )< <T(p (N, + N, +1)) < tF}

PENP[N,, N+1]

Nl
- '
=U (Tyeees Ty s Thoees Tyyy)
i=0

! !

t,<17]<---<17i<17i+]<---<'17Nl <tg,
T,<T

! !
L <Ty < <Ty <Tyy, vet < Ty

1, <T, << Ty <t,

! !
—_ . N,
= (T Ty 5 Ty Tyyyy) , / , v
ST <-<Ty <Tyy, U{TNH
i=0

!
T, <Ty, < Tm}

t1<1'l<---<‘l;Nl <tg,

- '
= (Tpoeees Ty 3 Thoeees Ty , , , ,
L <T < <Ty<Tp, [ <Ty,<Ip
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! ' ’ '
={(1’—1""’TN1’Tl""’TNH)‘ tI <T1 <-.-<’L’Nl <tF’ tl <’L'1 <“'<TN+1 <tF}
! ! ! !
= {(r,,...,r,vl)‘ L <T < <Ty <tF}x{(r],...,rN+])| 1, <T, < <Ty, <tF} .

--- Eq.(SA-2.2.10)

This final expression is nothing other than the right-hand side of Eq.(SA-2.2.6’) with

N, =N +1. Thus, assuming that Eq.(SA-2.2.6’) holds for N, =N and forevery N, EN,,
we did indeed show that it also holds for N, =N +1 and for every N, €N, . Therefore, the
binary domain identity, Eq.(SA-2.2.6’), holds for every pair, (N,, N,) €N, xN,. This
completes the proof of our key identity, Eq.(SA-2.2.2), and therefore the proof of the
factorization of the multiple-time integration, Eq.(SA-2.2.1).

SA-2.3. Proof of proposition SA-2.1.1 for factorization of exponential factor
[This subsection was adapted from section AS of Appendix of [32].]
The other core element for factorable PWA probabilities is the proposition SA-2.1.1:

“Let <s [k, ik]| = <S|M’[k, i,] and <s [k, ik,]| = <S|M”[k’, i, ] be the states resulting from the
actions of the equivalents of events M [k,7,] and M [k',i.], respectively,on sE S T And
let (s-[k,i]lk" i, 1| = (s|M Tk, i, IM[K',i.1=(s|M"[K",i, IM"[k,i,] be the state resulting from

the consecutive actions of the equivalents of M [k,i,] and M [k',i,] on s.The equation for

the exponents, Eq.(SA-2.1.4’b), holds for every global history 7z € H([A} ] ) and for each
LHS
of its sub-histories that could occur in any sub-interval, [¢,,7] with fr€&[¢,,1.],if and only if

the equation,
RY (s,0)+ RY (s-[k,i 1[K,i1,t) = RY (s-[k,i ], 0) + R (s-[k',i1,1), --- EqQ.(SA-2.1.5)

>

holds for every pair, M [k,7,] and M [k',i,] (with k=k"),inthe LHS M ,for every

possible state s €S” before the equivalents of M [k,i,] and M [k',i.] in the global

>

histories in H([M} ) ,and at any time t€[7,,¢,.].”
LHS

The proposition provides an essential part of our sufficient and nearly necessary set of
conditions for the factorability of the PWA probability. Here, we prove this proposition via
mathematical induction, similarly to the proof in subsection SA-2.2.

We first reduce the problem into a binary one by mathematical induction regarding

the number of local indel histories, K . As in subsection SA-2.2,let TT* )[Nl, ..., Ny ]denote
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the set of maps, H({M } ) , each of whose elements is a rearrangement of K sets, of sizes
LHS
. . . N
N,,..., N ,into a single set of size N = Ek_l N, . And re-express each map

7 €N®[N,,...,N,] asacomposite map, = pO[(O, INk)] , Where

oceN*V[N,,..,N,]Jand pETT”[N - N,, N,].Then,also as in subsection SA-2.2, we

have po[(a, Iy, )](1\;4) = p([a(ﬂ?’), A}[K]D by definition, where 1\51’ = [M[l], e Ajl[K -1]

is the reduced LHS defined below Eq.(SA-2.2.4). Thus, if the binary version of the

proposition SA-2.1.1, with H({M } ) replaced by T[N - N,, N, 1, is true for each fixed

LHS

oE H(K‘l)[N], ..., N¢_, 1, we have the binary version of the factorization, Eq.(SA-2.1.4°b):

<s(0)\=<s/‘ ‘
{(sl=(sv=nlt L2~ ()1 V-1,V

(™ (v)

N leve
{E [ " dr SRP(s(v), 5™, 1:)}

v=0

N-Ng 1,
={ ) o l»drcSR;’?(s’(v’),s/*,r)} - Eq.(SA-23.1)

(o™ (v) (s O[(s"|

{8 s =Dl Io™ W1 V=1 N-Ni |

T(k,ix)

NK .
+[ f""f "dt 6RP (s, , 5" ]

ix=0 { K= i ]‘M[k zk]‘tKl NK}

for every possible 7 = po[(o, Iy, )] with the fixed o and any p €II?[N-N,,N,].The

first summation on the right-hand side is the left-hand side of Eq.(SA-2.1.4’b) with
7 €N®[N,,...,N,] replacedby o €I“"[N,,..., N, 1. Thus, the problem was reduced
to that of the factorization for the global indel histories equivalent to a set of K -1 local
indel histories. By iteratively applying the binary version of the proposition SA-2.1.1 to the
reduced problems, we will finally obtain the fully factorized form, i.e., the right-hand side of
Eq.(SA-2.1.4°b).

Therefore, all we have to do is prove the binary version of the proposition SA-2.1.1.
To do so, we will rewrite it into a more tractable form. We first pick two integers,

i€{0,1,...N,} and j&€{0,1,...,N,},and consider all sub-histories of indels composed of

two local sub-histories, [1\?1[1, 11, ..., M1, i]] and [1\?1[2, 11,..., M[2, j]].(If i=0 or j=0,
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the corresponding local sub-history is considered as empty.) Each such sub-history
corresponds to a map, p € I1)[4, j], and the state resulting from the action of this

sub-history on the state s* € S" is represented, e.g., as:

<sA -p‘ = <sA ‘M’[p‘l(l)]- ~M'[p™'(i+ j)]. As in section R5 of the main Results and discussion,

through the binary equivalence relations, Eq.(R5.2a-d), we can show that <sA : p‘ for each

sub-history o € II”[i, j] is in fact equal to the state:

stz j1] = (s* \[M[z, 1]+~ M2, j]][M[l, 1]+ M1, i]] (€5"). - Eq.(SA-2.3.2a)
that is uniquely determined solely by the local sub-histories, [M [1, 1],...,M [1, i]] and

[M[z,l],...,M[z, j]],and the initial state, s* €S” . That is, the state s*-p (= s[i;j]) is

independent of further details of p € I1®[i, j]. (Naturally, we have s[0,0]=s".) Thus, the
binary version of the proposition SA-2.1.1 is rephrased as follows.
[ Proposition SA-2.3.1 ]

“Eq.(SA-2.1.4°b) with K =2 holds true for Y7 €TI”’[N,, N,] and for each of their
sub-histories during [z,,¢] with Yt E(z,,t,) if and only if the equation,

R (sli=1;j =11, )+ R (slis j1, 1) = ORY (slis j =11, 1) + OR (sli= 151, ),
--- Eq.(SA-2.3.2b)
holds for i€ {l,...,N,}, YjE€{l,...,N,},and for "tE(,,1,).”

Here comes the proof of the proposition SA-2.3.1. First of all, we rewrite Eq.
(SA-2.3.2b) in two different ways, as:
ORY (sli; j1, slis j—11,£) = ORY (sli—1; 71, sli - 1; j—11,2), --—-Eq.(SA-2.3.2b’)
and
SR (sli; j1, sli=1;j1,8) = ORY (sli; j— 11, s[i -1, j—1],¢). ---Eq.(SA-2.3.2b™)
These equations collectively indicate that the increment of the exit rate due to an indel event
in one local indel history will not be influenced by the past events in the other local history.
Indeed, these equations can be “solved” to give:
SR (sli; j1, slis j—11, 1) = 6RY (s[0; j1, s[0; j—11,2), --—-Eq.(SA-2.3.3a)
ORY (sli; j1, sli—1; j1,t) = ORY (s[i;01, s[i—1;0],7).  ---Eq.(SA-2.3.3b)
The right-hand sides of Eq.(SA-2.3.3a) and Eq.(SA-2.3.3b) are, respectively, the increment
purely within the 2nd local history and that purely within the 1st local history. Replacing i
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with i’ in Eq.(SA-2.3.3b), and summing the result over i'=1,..,i, we find:
ORY (st j1, 5105 j1, 1) = X SR (sLi's 1, sli' = 15 1, 1)
i'=1
= EéR;D(s[i’;O], s[i'=1;0],1) =38R (s[i;0], s[0;0], 7).
i'=1

Using ORY (sli; j1, s[0; j1, 1) = ORY (slis j1, s, £) = SR (s[0; j1, 5%, ¢) and s[0,0]=s", we get
a key equation:

SR (sli; j1, 5", ) = ORY (s[5;01, 5, ) + ORY (s[0; j1, 5", 1). - Eq.(SA-2.3.4)
This means that the increment of the exit rate by a sub-history p € II®[i, j] is decomposed

as the summation of two increments, each by one of the local sub-histories,
[M[l, 11,..., M[1, i]] and [M[z, 11,... M[2, j]].
Now, pick an indel history corresponding to amap = € II'"”[N,, N,], and consider

N v
the lefi-hand side of Eq.(SA-2.14°b) with K=2,ie., 3 [, """ dr oRL (s(v), 5", 7)
v=0

with (s(0)|=(s"| and (s(v)|=(s(v=D)|M'[x" (V)] for v=1,...N.Let i(v) (k=1,2)be
the number of events in the local history [M [&, 1],...,M [k, N k]] that are equivalent to those

included in the sub-history [M’[Jr" (1)],...,M’[Jt"(v)]] (v=0,1,...,N). Then, we have

L(v)+i,(v)=v,and s(v)=s[i(v);i,(v)]. Thus, using Eq.(SA-2.3.4), the left-hand side of
Eq.(SA-2.1.4°b) with K =2 can be decomposed into the contributions from two local

sub-histories:

(7™ (v) T(x™' (v)

ul v+ ul T(a (v
S ar oRE (1 ()01 s* 1) + 3 [T dw SRE (510: 4, ()], 5%, 7).
v=0 v=0

--- Eq.(SA-2.3.5)
In each summation, i, (v) remains a particular value, e.g., i, ,since v=um([k,i ]) until (and

excluding) v=um([k,i +1]) (for k=1,2). Taking account of it, Eq.(SA-2.3.5) becomes:

N i N, )
S AT oRY sl 01, 5%, 7y + > 7 dT SRY(s1051), 5%, 7). - Bq(SA-2.3.5)
i=0 o i,=0 )

From the definition of s[i; j], Eq.(SA-2.3.2a), we can see that Eq.(SA-2.3.5’) is nothing other
than the right-hand side of Eq.(SA-2.1.4’b) with K =2 . The argument after Eq.(SA-2.3.4)
applies to every history corresponding to & € [1”[N,, N,]. Thus, we proved that
Eq.(SA-2.1.4°b) with K =2 holds if Eq.(SA-2.3.2b) holds.
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To prove the converse, we now assume that Eq.(SA-2.1.4’b) with K =2 holds for
the indel history corresponding to every & € I1”’[N,, N, ], as well as for each of its
sub-histories during [7,,#] with Yt €(t,,t,) . Then, taking the time-derivative of both sides
of Eq.(SA-2.14’b) with K =2 for any incomplete time-interval [7,,¢], we have, for a
particular 7 €I?[N,, N, ]:

ORY (s(v), s, t)=ORY (s[i,(v);01, s*,t) + ORY (s[0;i,(V)], ", 1),
using the 7, (v) (k=1,2) defined above. Because this equation holds for any time-interval
[¢,,t]1C[t,,t,] and for every map & € H(z’[Nl, N, ], we get exactly Eq.(SA-2.3.4) for
Yie {0, L..,N,}, vie{o, L,...,N,} , and for Vie (t,,t;) . Then it is easy to show
Eq.(SA-2.3.2b). Starting with the right-hand side of Eq.(SA-2.3.2b), we find:

6R)'(D(s[i;j— 11, s, ) + 6R)I(D(s[i -1; 41,5, 1)
= {BRY (5101, 5", 1)+ SR (5105 j ~ 11, 5, )} +{6RY (sTi = 1,01, 5", 1) + SR (5103 j1, 5, 1)}

Swapping the 1st and 3rd terms on the right-hand side, we have:

ORY (s[i; j—11,5%, 1) + SR (s[i-1; j1, 5", 1)
- {5R§D(s[i ~1;01, 5%, 1)+ SR (s0; j 1], s*, t)} + {5R§D(s[i;01, 5%, 1)+ ORP (s[0; /1, s, t)}
= ORP (s[i-1;j-11,5%, 1) + ORY (sli; j1, 5", 1) .
Adding 2R (s",t) to the leftmost and rightmost sides of the above equation, we get
Eq.(SA-2.3.2b). Thus, the converse was proved.

This proof of the proposition SA-2.3.1, combined with the proof above it, which

resorts to the mathematical induction regarding K given the proposition SA-2.3.1,

completes the proof of the key proposition SA-2.1.1.

SA-3. Total probability of LHS equivalence class under ‘“long indel’’ model
[This section was adapted from section A6 of Appendix of [32].]

Here, we consider the “long indel” model [21]. Its indel rate parameters are given as follows:
A for 1=x=<L(s)-1,
r(x,l;s,t) = ;Ll(e”d) Jor x=0,L(s) with L(s)>0, ---Eq.(SA-3.1a)
;L,(Wh"le) for x=0 with L(s)=0,

w,  for lsxp=sx,<L(s)-1,
Iy(Xp,Xgs x, 1) = [tl([f”d) for xz=1lorx,=L(s), --- Eq.(SA-3.1b)

4" for  x,=1and x, = L(s).

lp
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Here L(s) is the number of sites in the sequence state s (E s” ) .And we set [, =x,—x,+1,

co
Lp =

My and @ = EIL: (I'-1+1)u, . [NOTE: If the time reversibility is imposed

~ (end) —

Y

I'=

on the model, the following equations also hold [21]: A, = (A, /) 1, AP = (A, /)" @™

and A" = (A, /w) @™ . In this section, however, these equations do not play any

particular roles.] The bulk parts of the above indel rates could be related to those in the indel

model of Dawg [26] as follows:

50 150
Y=2 fiy A=Y A =2y fyD, Ap=Y " w . —-Eq(SA-32abcd)

Here A, and A, are the total rates per site of bulk insertions and deletions, respectively, and
f;(1) and f,(I) are the length distributions of insertions and deletions, respectively. (See
also subsection R8-1 of the main Results and discussion.) Then, the exit rate under the “long

indel” model can be calculated as:

RY (5,1) = (A + A )L(s) + A" [ 4, (A"}, Ay, £, ()] - - Eq.(SA-3.2¢)

Here, A™"[4, 4"}, Ay, fo()]= =2, + 2(2l i;e"d>)+ Aoy =), with T,= 3" 1 £, is

a constant that depends on the indel rate parameters.

Under this “long indel” model, we will calculate the total probability of a
local-history-set (LHS) equivalence class of (global) indel histories, conditioned on a given
ancestral sequence, according to the prescription proposed by Mikloés et al. [21]. And we will
show that the probability calculated this way is indeed identical to that calculated via our ab
initio theoretical formulation.

We first briefly review the method of Mikl6s et al. [21]. In their method, each PWA
is scanned from left to right, and horizontally partitioned into “chop-zones.” In the bulk of the
PWA, a chop-zone starts immediately on the right of a preserved ancestral site (PAS) and
ends exactly at the next PAS. The leftmost chop-zone starts at the left-end of the PWA and
ends exactly at the first PAS if at all, or otherwise ends at the right-end of the PWA. The
rightmost chop-zone starts immediately on the right of the rightmost PAS, if at all, and ends
at the right-end of the PWA. It should be noted that each chop-zone contains at most one PAS,
and that the PAS contained in the chop-zone always resides at the right-end of the zone.

Conceptually, the conditional probability of each chop-zone (conditioned on the

existence of the left-flanking PAS, if at all) is calculated by summing the contributions of all
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local indel histories consistent with the homology structure [48] of the chop-zone. Then,
according to the recipe of Miklos et al. [21], (the indel component of) the probability of a
given PWA, conditioned on the ancestral sequence, is given as the product of the conditional
probabilities over all chop-zones that make up the PWA. Therefore, by extension, Mikl6s et
al.’s total probability of a LHS equivalence class of indel histories (consistent with the PWA)
should be given by the product of the contributions from the local indel histories (including
the empty histories), each confined in every chop-zone, over all chop-zones constituting the
PWA. This is exactly what we will calculate in the following.

Now, as in section R6 of the main Results and discussion, consider a LHS

equivalence class, [M] with ]\fl = {[M[k,l], - M[k,Nk]]} , that is consistent with a
LHS

k=1.....K

given PWA, a(s”,s”), of an ancestral sequence (s*) and its descendant (s” ). As near the
bottom of section R6, we can define the regions of a(s”,s”) each of which potentially
accommodates a local indel history, namely, v,,7,,..., V. »@s the region on the left of the
leftmost PAS, the regions between two PASs next to each other, and the region on the right of
the rightmost PAS. (Because the indel model at hand is space-homogeneous and has freely
mutable flanking regions, every local indel history in each such region is independent of the
histories outside, both physically and regarding the multiplication factor, as shown in
Subsection R8-1 of the main Results and discussion.) Then, by appropriately distributing the

local histories into such regions, we can provide a vector-representation of the LHS:
1\51 = A}[yl], ﬁ[yz], e Afl[y,(m ]) . Using these regions, each chop-zone of Mikl6s et al. [21]

can be constructed by putting together a region y, with its right-flanking PAS (for

k=1,..,K,, —1),or by aregion alone (for K =k, ). According to Appendix A of [21], the

max

contribution from the local history, AZ[VK] = [ My 1, ... M NK[}/K]:I ,in the chop-zone, cz(y,),

that is associated with y, 1is calculated as:

NK

P (170:08,1) | 5 ezt | = [ o, 3910

v=I

go=s"[cz(r, )],
{0 [=(baa M, Ly 1 V=18, }

NK

x f .. f dTl"'dTNK exp{—z(‘rv+1 -T,) R;(L()Mik)(gbv; CZ()/K))}
[=TO<T < <Ty, <Ty 4 =lp v=0

--- Eq.(SA-3.3)

Here, sA[cz(yK )] 1is the portion of the ancestral state confined in the chop-zone cz(y, ), and

By (=5"[cziy)D» s --es ¢y, are the chop-zone-confined states that the local indel history went
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through. The expression is quite similar to each term in the perturbation expansion, Eq.(R4.7).
Because each indel rate, r(M vl @,,) s independent of time, it was put outside of the
multiple-time integration. And, because each “exit rate,” R)'(LZMik)((/ﬁv; cz(y,)) (detailed later),
is also time-independent, its time integration (in the exponent) was reduced to a simple

multiplication by the time-lapse (7,,, -7, ). The “exit rate” Ry(,u,(9,; cz(y,)) needs some

v+l
explanation. Because each chop zone (except cz(y,) ) is defined conditionally on the PAS
that is left-flanking the zone, and because we now know that the probability is factorable (see
subsection R8-1 in the main Results and discussion), we do not have to consider deletions that
pierce this PAS. Neither do we have to consider indel events completely outside of the chop

zone. Therefore, taking advantage of the space-homogeneity of the indel rates, using the
relationship with Dawg’s indel model [26], Eqs.(SA-3.2a,b,c.d), and letting L(¢,) be the
number of sites in the state ¢, (including the PAS at the right-end of the zone, if at all), the

“exit rate” Ry (9, cz(y,)) according to Miklos et al.’s definition is expressed as:

L(g)- I L Lig) LY
R @iy N=Y " > " L0+ Y, Y " Apfy() - Eq(SA-3.4a)

for k=2,...,x,, —1.It should be noted that the summation over the insertion positions ( x )
has the upper bound x = L(¢,)~-1,because an insertion on the immediate right of x=L(¢,)
belongs to the right-neighboring chop-zone (cz(y,.,) ). The summation over the indel lengths

(1’s) is easily performed, and we get:
Ry @i cz(y ) =(A, + A L(g,) for k=2,..K,.. -1. ---Eq(SA-34a’)

When =k, (#1),the expression of Ry, (¢,;cz(y,)) is almost the same as

max

Eq.(SA-3.4a); the only difference is that it also needs to include the insertions right-flanking
the PWA (i.e., with x=L(g,)), whose rates are given by A" in Eq.(SA-3.1a). Thus, we

have:
Ryt (@37, )= (A + A,) L(9,) + Efl A for k. =1. --—Eq.SA-3.4b)
When k=1(=k,, ), Eq.(SA-3.4a) is still useful, but we need two modifications, both

because this chop-zone is not left-flanked by a PAS. First, insertions on the left-end (i.e., with

x =0) must have the rates )NL,(”"” ,again given in Eq.(SA-3.1a). Second, deletions “starting”

at x=1 must have the rates ﬂl("”d) (= EIL: ul,) (in Eq.(SA-3.1b)). Taking account of these
modifications, we have:

L ~ en Ly en
R)I(L?Mik)((bv; CZ(}’I)) = (A’] + )LD)(L(%) -D+ El=1 Av[( D 4 E Ml( ! --= Eq(SA—34C)

=1
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co co co
Ll) LI) LI)

50 v 10 _
= (end) D g )
when x_ =1.Because EH " = E M= EH u, = EH l'w =1, 4, we get:

=1 I'=1

D . _ L > (ond) - ,
Ry iy (@5 c2(y) = (A, + A,) L(9,) = A, + EH A+ A (L, -1). - Eq.(SA-3.4c’)

From Eqgs.(SA-3.4a’b.c’), we find that R)'(LZ iy (@5 ¢z(y,)) ’s are always affine functions of
L(¢,) with the slope (A, +A,), which is the same as that of the exit rate, R)’(D (s,t) given
by Eq.(SA-3.2e), for the evolution of an entire sequence under the “long indel” model. Thus,

we have:
OR s (@, 9,013 €27, ) = R (9,5 21 ) = Ry (B c2r ) = (G + )31 (M, [, 1),
--- Eq.(SA-3.5)
where 6l (M V[yK]) is the change in L(¢,) caused by the event M [y, 1. This is exactly the

same as the increment of the (actually time-independent) exit-rate:
ORY (s M, [y, 1,5,0)= RY (s M, [y, 1, )= RY (5, 1) = (A + 2p)S1 (M, [, 1),

--- Eq.(SA-3.6)
caused by the event M Jly.] on the entire sequence. By successively applying M 7l

(v'=1,...,v), we have:

ORx (9. o3 21, ) = ORY (5,51 . - Eq.(SA-3.7)

(s ¥y -, L

Therefore, we can rewrite the exponent in Eq.(SA-3.3) as:

N,

K

=) (@ =T) Ry (B3 €2(7,)

v=0

N,
== (rN,(+1 -7 )R)I(l()Mik)(¢0; cz(y,) - E(rvﬂ -7,) 5R}1(L2Mik)(¢v’ b0 cz(y,))
v=0

Sp=5 A
{(sl=Csua M1, Ly | v=1 N |

NK
== (Ty_ 1 = TRy (B3 21 )) = | D (T, =T,) ORY (5,8 ||,
v=0
--- Eq.(SA-3.8)

Substituting this back into the right hand side of Eq.(SA-3.3), and comparing the result with
Eq.(SM-2.7) in Additional file 1, we have:

25



P (M7 1. 100.1) (5 ezt )|
= exp{-(ty =) Ry (5 e2r b cxr D st | (W07 01t 1) (5%,

--- Eq.(SA-3.9)
According to the method of Mikl6s et al. [21], we will define the total probability of the LHS

equivalence class, [M] with 1\51 (M[yl] Afl[ .1 ...,Afl[y,(m]),as
LHS

(M ’“”“)‘ ", ,,)] =TT P | (070t ) 5 ezt
LHS

--- Eq.(SA-3.10)
Substituting Eq.(SA-3.9) into Eq.(SA-3.10) yields:

(5 o]

—exp{ —(ty I)E " Ry (8 [ez(y, )] CZ(VK))}

PMik

PMik

K

e (W17 .18,8.1) (5"

K'=1
--- Eq.(SA-3.10’)
Substituting Eqs.(SA-3.4a’ b,c’) into the summation in the exponent on the right hand side,

we get:

D R (5 Tez(v, )1 e2(7,))

K 10 _ - Eq(SA-31 1)
=(A, + )LD)E: L(s*[cz(y,)]) + {—)L, + 2(21; ;L;emz)) + 2, (0 - 1)}_

On the right hand side, the expression in the braces is exactly A™" [/l,, A%, Ap, fD(.)] in

Eq.(SA-3.2¢e), and we also have EK: L(s*[cz(y,)]) = L(s*) . Thus, the expression is further
reduced to:

D Ry (5 Tez(r )1 €2(r,0) = (g + A ) L(s™) + AP [ 2, A}, A, £,(0] = R (5%, 1)

- Eq.(SA-3.11°)
for k., >1.[NOTE: In the case where K, =1, by the way, arguments similar to those
leading to Eqs.(SA-3.4b.c’) reveals that Ry, Mlk)(s [cz(y)]; cz(y,)) = R (s*,¢) holds, and thus
that Eq.(SA-3.11") trivially holds.] Now, substituting Eq.(SA-3.11") back into Eq.(SA-3.10")
while taking account of the time-independence of R}’(s”,¢) under this model, we finally

get:
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P ([1\}] ,[r,,rF])\ (s", t,)] -expf-[" dr RY (", 1) ﬁup[(n}[yK], 1) 6. r,)].
LHS

K=1

--- Eq.(SA-3.10”)
The right hand side of Eq.(SA-3.107) is exactly that of Eq.(SM-2.12) (in Additional file 1)

multiplied by P[([], [t,.1.]) ‘ (s*, t,)] = exp{—f: dr R} (s*, 17)} . It is nothing other than the

total probability of the LHS equivalence class [Ajl ] calculated via our ab initio theoretical
LHS

formulation, under the “long indel” model, Eqs.(SA-3.1a-d) (and Eqgs.(SA-3.2a-¢))(2.4.7a-¢).
Actually, this equivalence between the probability via our ab initio formulation and

that via Miklos et al.’s method [21] should hold under any indel models with factorable PWA

probabilities described in Section R8 of the main Results and discussion, as long as the

“chop-zones” are re-defined appropriately. Its explicit proof will be left as an exercise for the

readers. (The key should be the decomposition of the entire exit rate into the contributions

from (modified) chop-zones.)
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